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Abstract
We investigate the rotating D3-brane solution with maximum number of angular momen-
tum parameters. After determining the angular velocities, Hawking temperature, ADM
mass and entropy, we use this geometry to construct general three-parameter models of
non-supersymmetric pure SU(N) Yang–Mills theories in 2+1 dimensions. We calculate
glueball masses in the WKB approximation and obtain closed analytic expressions for
generic values of the parameters. We also determine the masses of Kaluza–Klein states
associated with internal parts of the ten-dimensional metric and investigate the param-
eter region where some of these states are decoupled. To leading order in 1/λ and 1/N
(where λ is the ’t Hooft coupling) we find a global U(1)3 symmetry and states with
masses comparable to glueball masses, which have no counterpart in the more familiar
(finite λ,N) Yang–Mills theories.
CERN-TH/98-409
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1 Introduction
The extremal D3-brane provides one of the simplest illustrations of the recently found
dualities between gauge theories and string theory on geometries which asymptotically
approach the Anti-de Sitter space-time [1]. Because the string models on these geometries
are not understood to date, much of the attention has been devoted to those models where
the curvature of the geometry is small everywhere, so that the system can be studied by
using supergravity. This is the case for black brane geometries, which for large charges
have small curvatures everywhere outside the horizon. The most general geometry with a
regular horizon, which has a D3-brane charge, is given by the non-extremal D3-brane with
three angular momenta. It is of obvious interest to investigate the spectra of this general
(five-parameter) supergravity model based on the D3-brane. In this paper we determine
the spectrum of the corresponding Laplace operator in the WKB approximation.
Models of QCD in 2 + 1 dimensions can be constructed from the non-extremal D3-
brane geometry by compactifying the euclidean time direction, which plays the role
of an internal angle [2–7]. In the case of zero angular momentum, there is a single
mass scale in the spectrum (given by the Hawking temperature); Kaluza–Klein states
associated with the compact Euclidean time have the same mass scale as the states
with vanishing Kaluza–Klein charge (e.g. glueballs) and the dimensional reduction is
not justified. This problem can be overcome by starting with a rotating D3-brane with
large angular-momentum, in which case the radius of the circle shrinks to zero and
the Kaluza–Klein particles decouple [5, 7]. Another problem in making contact with
ordinary Yang–Mills theory was pointed out in [8]. While the static D3-brane has an
SO(6) isometry group associated with the five-sphere part of the geometry, in pure non-
supersymmetric Yang–Mills theory there is no counterpart of this SO(6) global symmetry.
Introducing angular momentum breaks the SO(6) isometry group to smaller subgroups.
When the maximum number of angular momentum components are turned on, the only
remaining global symmetry is the Abelian (Cartan) subgroup U(1) × U(1) × U(1) of
SO(6). Although this is in a sense closer to QCD than a model based on the static D3-
brane (which implies a large SO(6) global symmetry), there is no Abelian U(1)3 global
symmetry in weakly coupled non-supersymmetric SU(N) Yang–Mills theory without
matter. A natural question is whether the Kaluza–Klein particles, which are charged
with respect to the U(1)3 Cartan group, could have large masses (with respect to the
glueball masses) in some region of the three-dimensional parameter space a1, a2, a3.
1 In
Sect. 4.3 it will be shown that in the supergravity approximation these Kaluza–Klein
particles cannot decouple in any region of the parameter space a1, a2, a3. It should be
noted that the WKB approximation is sufficient to establish that certain states do not
decouple, since one can consider in particular states with sufficiently high radial quantum
numbers so that the WKB approximation is close to the exact result. It is nevertheless
1There are two extra parameters associated with charge and mass of the D3-brane: the mass fixes
the scale and can be set to 1; the charge is related to the ’t Hooft coupling λ and in the supergravity
approximation does not affect the mass spectra.
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reasonable to expect that these exotic Kaluza–Klein particles may decouple once all 1/λ
effects are incorporated, since the weakly coupled non-supersymmetric Yang–Mills theory
that should govern the low-energy dynamics of the compactified D3-brane does not have
these particles in the physical spectrum. A further discussion on this is given in Sect. 5.
2 The rotating D3-brane background
The D3-brane has an internal SO(6) rotational isometry, which allows three independent
angular parameters, l1, l2, l3. The metric for the case l2 = l3 = 0 was given in [5]. The
general metric with parameters l1, l2, l3 was recently given in an appendix in [9] and was
obtained by duality transformations of the black hole solutions of [10] (there are two
typographical errors in the expression of [9] that are corrected below). The rotating
D3-brane metric is given by
ds2IIB = f
−1/2
0 (− h0dx20 + dx21 + dx22 + dx23) + f 1/20
[
∆ dr2∏3
i=1(1 +
l2
i
r2
)− 2m
r4
+ r2
(
∆1dθ
2 +∆2 cos
2 θdψ2 − 2 l
2
2 − l23
r2
cos θ sin θ cosψ sinψdθdψ
+ (1 +
l21
r2
) sin2 θdϕ21 + (1 +
l22
r2
) cos2 θ sin2 ψdϕ22 + (1 +
l23
r2
) cos2 θ cos2 ψdϕ23
+
2m
r6∆f0
(l1 sin
2 θdϕ1 + l2 cos
2 θ sin2 ψdϕ2 + l3 cos
2 θ cos2 ψdϕ3)
2
)
− 4m coshα
r4∆f0
dx0(l1 sin
2 θdϕ1 + l2 cos
2 θ sin2 ψdϕ2 + l3 cos
2 θ cos2 ψdϕ3)
]
, (1)
where
∆ = 1 +
l21
r2
cos2 θ +
l22
r2
(sin2 θ sin2 ψ + cos2 ψ) +
l23
r2
(sin2 θ cos2 ψ + sin2 ψ)
+
l22l
2
3
r4
sin2 θ +
l21l
2
3
r4
cos2 θ sin2 ψ +
l21l
2
2
r4
cos2 θ cos2 ψ ,
∆1 = 1 +
l21
r2
cos2 θ +
l22
r2
sin2 θ sin2 ψ +
l23
r2
sin2 θ cos2 ψ ,
∆2 = 1 +
l22
r2
cos2 ψ +
l23
r2
sin2 ψ ,
h0 = 1− 2m
r4∆
, f0 = 1 +
2m sinh2 α
r4∆
. (2)
The dilaton field Φ is constant, eΦ = gs. The angular part differs from eq. (69) of
[9] in the components Gθθ and Gψψ. Some interesting thermodynamical aspects of ro-
tating D3-branes have recently been investigated in refs. [11, 9, 12] in the context of
gauge/string-theory correspondence, which indicate that there may be a phase transition
2
in N = 4 super-Yang–Mills theory at finite temperature [11, 12]. At zero temperature
the supergravity solution corresponds to the continuum limit [9, 13] of a multicenter
static D3-brane solution and describes a Higgs phase of N = 4 super-Yang–Mills theory
with a vacuum having a ZN -type symmetry [13]. It would be interesting to extend these
discussions to the general case (1) of maximum number of angular momenta. The inter-
pretation is somewhat different in the present case, where (1) will be used to construct
a static space-time, with the Euclidean time parametrizing an internal circle.
The parameters m and α are related to the D3-brane charge N by
sinh2 α =
√
(2πgsNα′2/m)2 + 1/4− 1/2 . (3)
For completeness we also include the 4-form gauge field [9]
C(4) =
1− f−10
sinhα
dx1 ∧ dx2 ∧ dx3 ∧ (coshα dt− l1 sin2 θ dϕ1 (4)
−l2 cos2 θ sin2 ψ dϕ1 − l3 cos2 θ cos2 ψ dϕ1) .
The location of the horizon r = rH is given by the largest real root of
3∏
i=1
(r2 + l2i )− 2mr2 = 0 , (5)
which is a cubic equation for r2. The angular velocities Ω1, Ω2, Ω3 associated with
motion in ϕ1, ϕ2, ϕ3 can be determined by requiring that the vector η =
∂
∂x0
+Ωi
∂
∂ϕi
be
null at the horizon. They are independent of the angles, so that one can compute them
by evaluating η2 at different values of θ and ψ. At θ = 0, ψ = 0, η2 is independent of
Ω1,2, so that setting η
2 = 0 determines Ω3. Similarly, by evaluating η
2 at θ = 0, ψ = π/2,
and using the value of Ω3 already obtained, one finds Ω2, whereas by evaluating it at
θ = π/2, ψ = π/2 one obtains Ω1. The result can be written compactly as
Ωi =
li
coshα(r2H + l
2
i )
, i = 1, 2, 3 . (6)
The Hawking temperature is obtained from η2 by the formula
T 2H = limr→rH
1
16π2(−η2)∇µη
2∇µη2 . (7)
Being constant, it can be computed at θ = π/2, ψ = 0. After a somewhat long but
straightforward calculation we find
TH =
rH
4πm coshα
(
2r2H + l
2
1 + l
2
2 + l
2
3 −
l21l
2
2l
2
3
r4H
)
=
1
4πrHm coshα
(r2H − r21)(r2H − r22) , (8)
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where r2H , r
2
1, r
2
2 are the three roots of eq. (5). The second line in (8) can be proved by
multiplying (5) by (r2 − r2H)−1 and taking the limit r2 → r2H . The mass, entropy and
angular momenta are given by
MADM =
V3V (Ω5)
4πGN
2m(
5
4
+ sinh2 α) , V (Ω5) = π
3 , (9)
S =
V3V (Ω5)
4GN
2mrH coshα , (10)
Ji =
V3V (Ω5)
4πGN
mli coshα , i = 1, 2, 3 , (11)
where V3 is the volume of the 3-brane.
3 WKB method
Glueball masses in the models of [2, 5] have been calculated in the WKB approximation
in [14]. By extending the approach of [14], we develop in this section a simple formalism
that will be useful to calculate the different mass spectra (including Kaluza–Klein modes)
in the present case of three angular momenta.
We are interested in differential equations of the form
∂u (f(u)∂uφ) +
(
M2h(u) + p(u)
)
φ = 0 , (12)
where M represents a mass parameter, and f(u), h(u) and p(u) are three arbitrary
functions that are independent of M and have the following behavior. There is a point
uH , where
f ≈ f1(u− uH)s1 , h ≈ h1(u− uH)s2 , p ≈ p1(u− uH)s3 , as u→ uH , (13)
for some constants s1, s2, s3, f1, h1 and p1. Similarly, we assume that
f ≈ f2ur1 , h ≈ h2ur2 , p ≈ p2ur3 , as u→∞ , (14)
for some other constants r1, r2, r3, f2, h2 and p2. For large masses M , one may apply
WKB methods to obtain the approximate spectrum and expressions for φ. In order to
apply standard formulae from the WKB-approximation theory we cast (12) into the form
of a Schro¨dinger equation
∂2yψ + V (y)ψ = 0 . (15)
The necessary transformation that brings (12) into the form (15) is
ey = u− uH , φ = e
y
2 f−
1
2ψ , (16)
with the potential given by
V (y) = M2
h0
f0
− 1
2
f ′′0
f0
+
1
4
f ′0
2
f 20
+
p0
f0
,
f0 ≡ e−yf , h0 ≡ eyh , p0 = eyp . (17)
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From the asymptotic expressions (13) and (14) one finds that
V (y) ≈ h1
f1
M2e(s2−s1+2)y +
p1
f1
e(s3−s1+2)y − 1
4
(s1 − 1)2 , for y ≪ 0 , (18)
and
V (y) ≈ h2
f2
M2e−(r1−r2−2)y +
p2
f2
e−(r1−r3−2)y − 1
4
(r1 − 1)2 , for y ≫ 0 . (19)
Consistency requires that s2−s1+2 and r1−r2−2 are strictly positive numbers, whereas
s3 − s1 + 2 and r1 − r3 − 2 can be either positive or zero (see also below). From these
expressions we see that there are two turning points y1 and y2, given by solving V (y1) = 0
in (18) and V (y2) = 0 in (19). To the order of approximation that we will be interested
for the computation of M , we have
y1 = − 2
α1
ln
(
2
√
h1
f1
α2
M
)
, y2 =
2
β1
ln
(
2
√
h2
f2
β2
M
)
, (20)
where
α1 = s2 − s1 + 2 , β1 = r1 − r2 − 2 , (21)
and
α2 = |s1 − 1| or α2 =
√
(s1 − 1)2 − 4p1
f1
(if s3 − s1 + 2 = 0) ,
β2 = |r1 − 1| or β2 =
√
(r1 − 1)2 − 4p2
f2
(if r1 − r3 − 2 = 0) . (22)
Then the mass spectrum is computed using the standard WKB formula
(
m− 1
2
)
π =
∫ y2
y1
dy
√
V (y) , m ≥ 1 . (23)
One may expand the right-hand side as a power series in 1
M
. The leading term is O(M)
and is obtained by keeping, in the expression for V (y) in (17), only the first term, and
integrating y from −∞ to +∞. One obtains
(m− 1
2
)π = M
∫
∞
−∞
dy
√
h0
f0
=M
∫
∞
uH
du
√
h
f
≡ Mξ , (24)
where the last equality defines the constant ξ with scale dimension of length. The first
correction of order O(M0) has a contribution from the term
−
√
h1
f1
M
∫ y1
−∞
dye
1
2
α1y −
√
h2
f2
M
∫
∞
y2
dye−
1
2
β1y = −a2
a1
− b2
b1
, (25)
5
representing the correction that accounts for the extension of the limits of integration
from y1,2 to ∓∞. There is another subleading contribution from around the turning
points
∫
∞
y1
dy
(√√√√h1
f1
M2e−β1y − β
2
2
4
−
√
h1
f1
Me−
1
2
β1y
)
+
∫ y2
−∞
dy
(√√√√h2
f2
M2eα1y − α
2
2
4
−
√
h2
f2
Me
1
2
α1y
)
=
1
2
(2− π)
(
α2
α1
+
β2
β1
)
. (26)
Combining everything we find that
M2 =
π2
ξ2
m
(
m− 1 + α2
α1
+
β2
β1
)
+ O(m0) , m ≥ 1 . (27)
The validity of the WKB approximation requires that α2/α1 + β2/β1 ≪ m and that the
turning points, as computed using (20), be large in magnitude. This gives the conditions
m
(
m− 1 + α2
α1
+
β2
β1
)
≫ f1α
2
2
h1
ξ2u−α1H and
f2β
2
2
h2
ξ2uβ1H . (28)
4 Glueball masses in QCD3
The three-parameter QCD3 model is obtained from the rotating D3-brane metric (1)
in the following way. We first go to Euclidean space by letting t → −iτ and li → ili,
i = 1, 2, 3. Then we take the “field-theory” limit [1, 5]
U =
r
α′
, U40 =
2m
α′4
, ai =
li
α′
, α′ → 0 . (29)
The rotating D3-brane metric in this limit takes the form
ds2IIB = α
′∆1/2
[
U2
R2
[(1− U
4
0
U4∆
)dτ 2 + dx21 + dx
2
2 + dx
2
3] +
R2dU2
U2[
∏3
i=1(1− a
2
i
U2
)− U40
U4
]
+
R2
∆
(
∆1dθ
2 +∆2 cos
2 θdψ2 + 2
a22 − a23
U2
cos θ sin θ cosψ sinψdθdψ
+ (1− a
2
1
U2
) sin2 θdϕ21 + (1−
a22
U2
) cos2 θ sin2 ψdϕ22 + (1−
a23
U2
) cos2 θ cos2 ψdϕ23
)
− 2U
2
0
U2∆
dτ(a1 sin
2 θdϕ1 + a2 cos
2 θ sin2 ψdϕ2 + a3 cos
2 θ cos2 ψdϕ3)
]
, (30)
where R2 =
√
4πgsN = fixed, and
∆ = 1− a
2
1
U2
cos2 θ − a
2
2
U2
(sin2 θ sin2 ψ + cos2 ψ)− a
2
3
U2
(sin2 θ cos2 ψ + sin2 ψ)
6
+
a22a
2
3
U4
sin2 θ +
a21a
2
3
U4
cos2 θ sin2 ψ +
a21a
2
2
U4
cos2 θ cos2 ψ ,
∆1 = 1− a
2
1
U2
cos2 θ − a
2
2
U2
sin2 θ sin2 ψ − a
2
3
U2
sin2 θ cos2 ψ ,
∆2 = 1− a
2
2
U2
cos2 ψ − a
2
3
U2
sin2 ψ . (31)
For large U the space becomes asymptotically AdS5 × S5, each factor having radius R
(in string units). In the limit (29) the Hawking temperature is given by
TH =
UH
2πR2U20
(
2U2H − a21 − a22 − a23 +
a21a
2
2a
2
3
U4H
)
=
1
2πR2U20UH
(U2H − U21 )(U2H − U22 ) , (32)
U2H being the largest real root of f(U) = 0:
f =
3∏
i=1
(U2 − a2i )− U40U2 = (U2 − U2H)(U2 − U21 )(U2 − U22 ) , (33)
and U21 , U
2
2 the two other roots. The Yang–Mills coupling of the (2+1)-dimensional field
theory is given by
g2YM3 = g
2
YM4
TH , g
2
YM4
= 2π gs . (34)
The ’t Hooft coupling λ is defined by λ ≡ g2YM3N/(2π) = THR4/(4π).
In what follows, we will make use of the following formulas
√
G = R2∆1/2U3 cos3 θ sin θ sinψ cosψ , (35)
and
Gψψ =
∆1
R2 cos2 θ∆1/2
, Gθψ = − a
2
2 − a23
R2∆1/2U2
tan θ cosψ sinψ ,
Gθθ =
∆2
R2∆1/2
, Gττ =
R2
U2∆1/2
∏3
i=1(1− a
2
i
U2
)∏3
i=1(1− a
2
i
U2
)− U40
U4
. (36)
4.1 0++ glueballs
Masses for 0++ glueballs are determined from the differential equation
1√
G
∂µe
−2Φ
√
GGµν∂νΨ = 0 . (37)
We look for solutions of the form Ψ = φ(u)eik·x and identify the glueball mass square
with M2 = −k2 [2]. After changing variable as u = U2 (and u0 = U20 etc.), we find an
equation of the form (12) with
f =
3∏
i=1
(u− a2i )− u20u , h =
R4
4
, p = 0 . (38)
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The constant uH is found by solving the cubic equation f = 0, which can be written as
u3H − ~a2u2H + (~b2 − u20)uH − c = 0 ,
c = a21a
2
2a
2
3 , ~a = (a1, a2, a3) ,
~b = (a2a3, a1a3, a1a2) . (39)
For the various constants necessary for the application of the WKB method of Sect. 3,
we find
s1 = 1 , s2 = 0 , r1 = 3 , r2 = 0 ,
α1 = 1 , α2 = 0 , β1 = 1 , β2 = 2 . (40)
Therefore (27) gives
M2 =
π2
ξ2
m(m+ 1) + O(m0) , m ≥ 1 ,
ξ =
R2
2
∫
∞
uH
du
(
u3 − ~a2u2 + (~b2 − u20)u− c
)
−1/2
. (41)
The integral in (41) can be performed explicitly. Let uH , u1 and u2 be the roots of f = 0.
One obtains
ξ =
R2K(k)
[(uH − u1)(uH − u2)]1/4 , k =
1√
2
(
1− 2uH − u1 − u2
2[(uH − u1)(uH − u2)]1/2
)1/2
, (42)
where K(k) is the complete elliptic integral of the first kind, i.e. K(k) =
∫ pi/2
0
dθ√
1−k2 sin2 θ
.
We may distinguish two cases, according to whether u1 and u2 are real or complex. In
the former case the above result can also be written as (uH > u1 > u2)
ξ =
R2K(k0)√
uH − u2 , k0 =
√
u1 − u2
uH − u2 . (43)
The validity of the WKB approximation requires that the conditions (28) be satisfied.
These imply
m(m+ 1)≫
(
1− u1
uH
)
−1/2(
1− u2
uH
)
−1/2
K2(k) . (44)
In the case of three real roots uH > u1 > u2, and u1 not too close to uH , k is always less
than 1, so that K(k) is of order 1, and (44) implies that the WKB approximation can
be applied. It breaks down when uH ≃ u1. For the case of 1 real and 2 complex roots,
this happens if Im u1 ≃ 0 with uH ≃ Re u1 (or with uH < Re u1, in which case k ≃ 1).
If c = a1a2a3 = 0 (say, a3 = 0), there are then three real roots – one of them being
u3 = 0 –, since (~a
2)2 − 4~b2 + 4u20 ≥ 0. The situation is similar to the one-angular
momentum case discussed in [5, 7, 14]. The case a1 = a2, u0 = 0 is special. This gives a
double root with u1 = u2 = a
2
1, so that s1 = 2, r1 = 3, s2 = r2 = 0 and s2−s1+2 = 0 and
hence the WKB method breaks down (cf. eq. (19)). breaks down. The WKB method
breaks down also in the case a1 = a2 = a3 ≫ u0 (see also below).
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The formula for the mass spectrum (41) for 0++ glueballs and its resonances implies
an important prediction for the ratio between masses of two arbitrary resonances: it
is independent of ai (up to corrections of order 1/m
2), depending only on the radial
quantum numbers
M2m
M2m′
∼= m(m+ 1)
m′(m′ + 1)
. (45)
This was observed in [14] for the case of QCD4 with one angular-momentum. It implies
that glueball masses withm≫ 1 vary only slightly in the whole parameter space a1, a2, a3.
4.2 Kaluza–Klein modes with τ dependence
For particles with U(1) charge associated with the circle parametrized by τ one can check
that there exist simple (angular-independent) solutions of the form
Ψ = φ(U)eik·xe2piinTHτ . (46)
Substituting this into eq. (37) we obtain
∂UU
5
(
3∏
i=1
(
1− a
2
i
U2
)
− U
4
0
U4
)
∂Uφ+R
2
(
UM2R2 − 4π2n2T 2HU3∆1/2Gττ
)
φ = 0,(47)
where Gττ is given in eq. (36). Introducing a new radial coordinate u = U2 we obtain
eq. (12) with M2 replaced by M2 − 4π2n2T 2H and
f = u3 − ~a2u2 + (~b2 − u20)u− c , h =
R4
4
,
p = − R
4π2n2T 2Hu
2
0u
u3 − ~a2u2 + (~b2 − u20)u− c
. (48)
Note that this equation is invariant under cyclic permutations of (a1, a2, a3). We find
s1 = 1 , s2 = 0 , s3 = −1 , r1 = 3 , r2 = 0 , r3 = −2 ,
α1 = 1 , α2 =
2R2πnTHu0
√
uH
(uH − u1)(uH − u2) , β1 = 1 , β2 = 2 . (49)
Using (32) we see that α2 = n. Then (27) (with M
2 → M2−4π2n2T 2H) gives the formula
M2 = 4π2n2T 2H +
π2
ξ2
m(m+ 1 + n) + O(m0) , m ≥ 1 , (50)
where ξ is given by (42). Using (28) we obtain that WKB is valid when
m(m+1+n)≫ (uH−u1)1/2(uH−u2)1/2n
2K2(k)
uHR4
and
uHK
2(k)
(uH − u1)1/2(uH − u2)1/2 . (51)
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In order to obtain QCD3 through a dimensional reduction of QCD4, it is necessary
that the mass scale for these Kaluza–Klein states be much larger than that for the glueball
masses. From eq. (50) one sees that this requires the condition
TH ≫ 1
ξ
. (52)
Using (32) and (42) this becomes
K(k)
uH
u0
[
(1− u1
uH
)(1− u2
uH
)
]3/4 ≫ 1 , (53)
where k is given by (42). K(k) cannot be too large, otherwise the WKB approximation
breaks down (see (51)). Therefore eq. (53) implies that in order to decouple the τ Kaluza–
Klein modes one needs that uH ≫ u0. With no loss of generality we can assume that
a1 ≥ a2 ≥ a3. It is clear from the equation for the horizon that one has uH ≫ u0 if and
only if uH ≃ a21. Thus the region where these Kaluza–Klein particles decouple is a21 ≫ u0.
To ensure at the same time the validity of the WKB approximation (51) one needs that
uH be not too close to u1, which for uH ≫ u0 amounts to saying that a21 should not be
too close to a22.
4.3 Kaluza–Klein modes of S5
The isometry group of the metric with a1 = a2 = a3 = 0 contains a factor SO(6). We will
investigate the problem of decoupling for the l = 1 Kaluza–Klein modes – corresponding
to the 6 representation of SO(6) –, as modes with larger value for l are expected to be
heavier. The three angular momenta break the symmetry down to the Cartan subgroup
SO(2) × SO(2) × SO(2). With respect to the Cartan subgroup, the representation 6
decomposes into three doublets of SO(2), i.e. 6→ (2, 1, 1)⊕ (1, 2, 1)⊕ (1, 1, 2). These
give rise to three equations, which must be related by cyclic permutations of (a1, a2, a3).
For the first doublet, we make the ansatz
Ψ = φ(U)eik·x sin θ
(
cosϕ1
sinϕ1
)
, (54)
and insert it into the Laplace equation (37). One then obtains for φ(U) the differential
equation
∂UU
5
(
3∏
i=1
(
1− a
2
i
U2
)
− U
4
0
U4
)
∂Uφ+M
2R4Uφ
+
(
U3
(
∆2(cot
2 θ − 4)− R2∆1/2Gϕ1ϕ1
)
− 2(a22 − a23)U cos 2ψ
)
φ = 0 , (55)
whereM2 = −k2. After changing variable u = U2, and a somewhat lengthy computation,
we see that all θ and ψ dependence cancels out, and we obtain an equation of the form
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(12) with
f = u3 − ~a2u2 + (~b2 − u20)u− c , h =
R4
4
,
p =
1
4
−5u4 + c3u3 + c2u2 + c1u+ c0
u3 − ~a2u2 + (~b2 − u20)u− c
, (56)
where
c3 = 4(2~a
2 − a21) = 4(a21 + 2a22 + 2a23) ,
c2 = −3
(
(~a2)2 − a41 + 2b21
)
+ 5U40 = −6a21a22 − 3a42 − 6a21a23 − 12a22a23 − 3a43 + 5u20 ,
c1 = 8c+ (4b
2
1 − 3u20)(~a2 − a21) + 2a21
(
(~a2)2 − 2~b2 − a41
)
= 2a21a
4
2 + 8a
2
1a
2
2a
2
3 + 4a
4
2a
2
3 + 2a
2
1a
4
3 + 4a
2
2a
4
3 − 3(a22 + a23)u20 ,
c0 = −b21(2~b2 − b21 − u20) = −a22a23(2a21a22 + 2a21a23 + a22a23 − u20) . (57)
When a2 = a3 = 0, the differential equation reduces to eq. (3.15) of [7] (with u → u2).
For a1 = a3 = 0, it reduces to eq. (3.16) of [7], which corresponds to the other doublet
(this is because interchanging doublets is equivalent to permuting a1, a2, a3). For the
various constants of Sect. 3 we find
s1 = 1 , s2 = 0 , s3 = −1 , r1 = 3 , r2 = 0 , r3 = 1 ,
f1 = (uH − u1)(uH − u2) , f2 = 1 , p1 = −a
2
1(uH − a22)2(uH − a23)2
4uHf1
, p2 = −5
4
,
α1 = 1 , α2 =
a1(uH − a22)(uH − a23)√
uHf1
, β1 = 1 , β2 = 3 . (58)
Hence, using (28), we find the mass
M2 =
π2
ξ2
m
(
m+ 2 +
a1(uH − a22)(uH − a23)√
uH(uH − u1)(uH − u2)
)
+ O(m0) , m ≥ 1 , (59)
where ξ is given by (42).
Let us examine if these states may have a large mass in the same region a21 ≫ u0 where
the Kaluza–Klein modes with τ dependence decouple. In this limit one has uH ∼= a21,
u1 ∼= a22, u2 ∼= a23, and the mass formula (59) takes the form
M2 ≃ π
2
ξ2
m(m+ 3) + O(m0) , m ≥ 1 , (60)
where ξ is again given by (42). This shows that for a21 ≫ u0 the mass of these Kaluza–
Klein states is of the same order as the glueball masses (41). More generally, one can
show that in every region of the parameter space the Kaluza–Klein masses (59) are of
order M = O(1/ξ). Indeed, it could only be otherwise in a region where uH ∼= u1, where
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the third term of (59) has a potential singularity, but this happens only in the region
a21 ≫ u0, which leads to (60).
For the ansatz
Ψ = φ(U)eik·x cos θ sinψ
(
cosϕ2
sinϕ2
)
, (61)
and for
Ψ = φ(U)eik·x cos θ cosψ
(
cosϕ3
sinϕ3
)
, (62)
corresponding to the other two doublets, we obtain the cyclic permutation in (a1, a2, a3) of
(56), as expected. Note that the constants c0, . . . , c3 in (57) are not invariant under such
permutations. The constants of (58) are obtained by cyclic permutation in (a1, a2, a3) of
(58). For completeness we include the corresponding mass spectra. For the Kaluza–Klein
doublet (61) it is given by
M2 =
π2
ξ2
m
(
m+ 2 +
a2(uH − a23)(uH − a21)√
uH(uH − u1)(uH − u2)
)
+ O(m0) , m ≥ 1 , (63)
and for the Kaluza–Klein doublet (62) it is given by
M2 =
π2
ξ2
m
(
m+ 2 +
a3(uH − a21)(uH − a22)√
uH(uH − u1)(uH − u2)
)
+ O(m0) , m ≥ 1 , (64)
where ξ is given by (42) in both mass formulae. In the region a21 ≫ u0 where the circle
Kaluza–Klein states decouple, eqs. (63) and (64) take the form
M2 ≃ π
2
ξ2
m(m+ 2) + O(m0) , m ≥ 1 . (65)
These are essentially the same mass formulae as in the case of the 0++ glueballs, so that
the corresponding mass scales are the same.
Finally, we note that the conditions for the validity of the WKB approximation in
the case of the S5 Kaluza–Klein modes are roughly the same as the corresponding ones
for the 0++ glueballs we have already discussed. In all cases the WKB approximation
can be applied everywhere, except in the region a21 = a
2
2 ≫ u0.
5 Conclusions
In this paper we have considered non-supersymmetric QCD models in 2+1 dimensions
based on an asymptotically AdS5×S5 static geometry constructed from the rotating D3-
brane with maximum number of rotation parameters. Within the WKB approximation,
closed analytic formulas have been obtained for the mass spectra of 0++ scalar glueballs
and of states corresponding to excitations in the internal parts (circle and sphere) of the
space. The various mass spectra were found to depend, for every model and to the first
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two leading orders in the WKB approximation, in a universal manner on the rotation
parameters: modulo slight fluctuations (such as the one produced by the third term in
(59)), only two mass scales appear, denoted 1/ξ and TH , the latter characterizing the
masses of Kaluza–Klein particles associated with the τ direction, the former dictating
the masses of all other scalar modes with vanishing charge in the τ direction. This is a
bit surprising, and it implies that, despite the large number of parameters, the sphere
Kaluza–Klein modes – unlike the ones corresponding to the circle – do not decouple in
any region of parameter space. The sphere Kaluza–Klein states have no analogue at
the weakly coupled finite-N pure SU(N) Yang–Mills theories. Masses computed in the
supergravity approximation can in principle get important corrections upon extrapolating
from the strong-coupling regime λ≫ 1 to the weak-coupling regime λ≪ 1. Comparison
with lattice results [4, 7] suggests that singlet particles should only be slightly changed
in the extrapolation process, whereas non-singlet particles should get large corrections.
The extremal solution with u0 = 0 saturates the Bogomol’nyi bound and has unbroken
supersymmetries. The near-supersymmetric case a2i ≫ u0 is precisely the interesting
case where the radius of the extra brane direction shrinks to zero, so that the associated
Kaluza–Klein particles decouple and the system becomes effectively (2+ 1)-dimensional.
It would be very interesting to establish what are the states whose masses are protected
by supersymmetry in the rotating system with u0 = 0. This might explain why glueball
masses have values close to the values obtained by lattice calculations [7, 15].
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